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A CHARACTERIZATION OF 1-RECTIFIABLE DOUBLING 
MEASURES WITH CONNECTED SUPPORTS 

JONAS AZZAM AND MIHALIS MOURGOGLOU 


Abstract. Gai-nett, Killip, and Schul have exhibited a doubling mea¬ 
sure fj, with support equal to which is 1-rectifiable, meaning there are 
countably many curves Fi of finite length for which p,(K^\ IJ Fi) = 0. 
In this note, we characterize when a doubling measure p, with support 
equal to a connected metric space X has a 1-rectifiable subset of posi¬ 
tive measure and show this set coincides up to a set of p-measure zero 
with the set oix & X for which liminf^^o r))/r > 0. 
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1. Introduction 

Recall that a Borel measure /x on a metric space X is doubling if there is 
> 0 so that 

/i(i?x(T, 2r)) < r)) for all X e X, r > 0. (1.1) 

In [GKS], Garnett, Killip, and Sehul exhibit a doubling measure /i with 
support equal to n > 1, that is l-reetifiable in the sense that there are 
eountably many eurves Tj of finite length sueh that /x(M"'\ IJ T*) = 0. This 
is surprising given that sueh measures give zero measure to smooth or bi- 
Lipsehitz eurves in W^. To see this, note that for sueh a eurve T and for eaeh 
X G r, there is > 0 so that for all r e (0, r^) there is i?Kd(r/a;,r, C 
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i?Rn(a:, rx)\T, so by the Lebesgue differentiation theorem, /i(r) = 0. If F 
is just Lipschitz and not bi-Lipsehitz, however, we only know this property 
holds for every point in F outside a set of zero length. The aforementioned 
result shows that Lipschitz curves of finite length can in some sense be 
coiled up tightly enough so that this zero length set accumulates on a set of 
positive doubling measure. 

The notion of rectifiability of a measure that we are using is not univer¬ 
sal. In [ADT], a measure jj, in Euclidean space being d-rectifiable means 
/i <C and supp /i is d-rectifiable. In our setting, however, we don’t 
require absolute continuity of our measures. To avoid ambiguity, we fix 
our definition below, which is the convention used by Federer [Fed, Section 
3.2.14]. 


Definition 1.1. If /i is a Borel measure on a metric space X, d is an integer, 
and E C X a Borel set, we say E is (/r, d)-rectifiable if ^i{E\ Fj) = 0 
where F* = fi{Ei), Ei C and /* : —)■ X is Fipschitz. We say /i is 

d-rectifiable if supp /x is (/x, d)-rectifiable. 


A set E C of positive and finite J^'^-measure is d-rectifiable if if is 
d)-rectifiable (see in [Mat, Definition 15.3] and the few paragraphs 
preceding it). This is also equivalent to being covered up to set of 
measure zero by Fipschitz graphs [Mat, Femma 15.4]. The example from 
[GKS], however, shows that being almost covered by Fipschitz graphs ver¬ 
sus Fipschitz images are not equivalent definitions for rectifiability of a 
measure. 

Since [GKS], it has been an open question to classify which doubling 
measures on are rectifiable. Very recently. Badger and Schul have given 
a complete description. First, for a general Radon measure in 'Mfi and A 
compact with /x(A) > 0, define 




. ^ r /dist(x, L) \ ^ (i/x(a;) 
L Ja \ diamA J /x(A) 


where the infimum is taken over all lines L CMfi. 


Theorem 1.2. ([BS2, Corollary 1.12]) If fc is a Radon measure on such 
that liminfr_i.o r)) > Ofor /x almost every x G then /x is 

1-rectifiable if and only if 


E 

x£Q 

^(Q)<i 


diamQ 

/x(Q) 


< oo /X a.e. 


(F2) 


where the sum is over half-open dyadic cubes Q. 


It is not hard to show that if /x is a doubling measure with supp /x = 'Mf, 
d > 2, then there is c > 0 depending on the doubling constant such that 
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^ 2 ^'^ {fi, B) > c > 0 for any ball B C so the above theorem eharacterizes 
all 1-rectifiable doubling measures with support equal to all of R*^. 

In this short note, we take a different approach and provide a complete 
classification of 1-rectifiable doubling measures not just with support equal 
to R'^ but with support equal to any topologically connected metric space. It 
turns out that the rectifiable part of such a measure coincides up to a set of 
/i measure zero with the set of points where the lower 1-density is positive, 
where for s > 0, we define the lower s-density as 

:= limmfdMLll). 

— ^ r^O 

Theorem 1.3 (Main Theorem). Let fibe a doubling measure whose support 
is a topologically connected metric space X and let E ^ X be compact. 
Then E is {p, l)-rectifiable if and only ifD}{p, x) > Ofor p-a.e. x E E. 

Note that there are no other topological or geometric restrictions on X : 
the support of p may have topological dimension two (like R^ for example), 
yet if D}{p,x) > 0 p-a.e., then p is supported on a countable union of 
Lipschitz images of R. Also observe that the condition 12^{p, x) > 0 is a 
weaker condition than (1.2). An interesting corollary of the Main Theorem 
and Theorem 1.2 is the following: 

Corollary 1.4. If p is a doubling measure in R'^ with connected support 
such that liminir^o B^<i{x,r)) > 0 and D}{p.,x) > 0 p-a.e., then 

(1.2) holds. 

The authors thank Raanan Schul for his encouragement and helpful dis¬ 
cussions which improved the result, as well as John Garnett and the anony¬ 
mous referee whose advice greatly improved the readability of the paper. 

2. Proof of the Main Theorem: Sufficiency 

When dealing with any metric space X, we will let Bx{x, r) denote the 
set of points in X of distance less than r > 0 from x.\f B = Bx{x, r) and 
M > 0, we will denote MB = Bx{x, Mr). For a Borel set A C X, we 
define the (spherical) 1-Hausdorff measure as 

{ OO CXD 

^ 2ri : A C IJ Bx{xi, r^), Xi e A,ri e (0, 5) 

i=l i=l 

and = inG>o J^^(A). 

For A, B G X we set 

dist(A, B) = inf{|a; — y\ : x & A,y e B} 

and for x G X, dist(x, A) = dist({x}, A). 
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Remark 2.1. By the Kuratowski embedding theorem, if X is separable 
(whieh happens, for example, if X = supp ju for a loeally finite measure 
ju), X is isometrically embeddable into C(X), where C{X) is the Banaeh 
space of bounded continuous functions on X equipped with the supremum 
norm |/| = sup^.^^^ I/(^)I- Thus, we can assume without loss of generality 
that X is the subset of a complete Banach space, and we will abuse notation 
by calling this space C{X) as well, so that X C C{X). 

The forward direction of the Main Theorem is proven for general mea¬ 
sures in Euclidean space in [BSl, Lemma 2.7], where in fact they prove a 
higher dimensional version. Below we provide a proof that works for metric 
spaces in the one-dimensional case. 

Proposition 2.2. Let /i be a finite measure with X := supp jj, a metric space 
and suppose p is 1-rectifiable. Then x) > 0/or p-a.e. x G supp p. 

Proof. Let 


F = {x E supp p : D} {p, x) = 0} 


and let 5 > 0. Since p is rectifiable, there are Lipschitz functions / : 
Ai ^ X, where Aj C [0,1] are compact Borel sets of positive measure and 
i = 1,..., N, so that 



We can extend each fi affinely on the intervals in the complement of Ai to a 
Lipschitz function fi : [0,1] —)■ C{X). Let d = mini=i^...^Ar diam//[0,1]), 
so that r G (0, d) and x E G := /i([0,1]) implies jF ^{ Bc { x ){ x , r) fl 

G) >r (simply because now the images of the fi are connected). 

Lor each x E F (1 G, there is E {0,d/5) so that p{Bx{x,brfi)) < 
er^. By the Vitali Covering Theorem (see [Hei, Lemma 1.2]), there are 
countably many disjoint balls balls Bi = Bx{xi,ri) with centers in F so 
that IJ 5Bi D F. Thus, 


p{F n G) < ^ p{bBi) < (5c(x) {xi, r*) n G) 


<eJe\G). 


Thus, 


p{F) <5FeJF\G). 


Keeping 5 (and hence G) fixed and sending e —)■ 0, we get p{F) < 6 for all 


5 > 0 and thus p{F) = 0. 


□ 
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3. Proof of the Main Theorem: Necessity 

What remains is to prove the reverse direetion of the Main Theorem, 
whieh we summarise in the next lemma. 

Lemma 3.1. Let fi be a doubling measure with constant > Q and sup¬ 
port X, a topologically connected metric space. Then{x G X : > 

0} is {p, 1)-rectifiable. 

To prove Lemma 3.1, it suffiees to show the following lemma. 

Lemma 3.2. Let p be a doubling measure and support X,a topologically 
connected complete metric space. If E C X is a compact set for which 
E C Bx{^Q,rQ/2) for some G X, Tq > 0, and 

p{Bx{x, r)) > 2r for all x ^ E and r G (0, Tq). (3.1) 

then E = f (A) for some ACM and Lipschitz function f : A ^ X. 

Proof of Lemma 3.1 using Lemma 3.2. First, note that if we define /l(A) = 
p{A n X), then /I is a doubling measure on X, where the elosure is in 
C(X) (reeall Remark 2.1). Moreover, the elosure X is still topologieally 
eonneeted but now is a eomplete metrie spaee sinee C(X) is eomplete. 
Thus, for proving Lemma 3.1, we ean assume without loss of generality 
that X is eomplete. 

Let E ■.= {x E X : D^{p,x) > 0}. For j, fc G N, let 

Ej,k = {x E E : p{Bx{x, r)) > r/j for 0 < r < k~^}. 

Then E = Uj fceN Furthermore, we ean write Ej^k as a eountable union 
of sets {Ej^k,e}em with diameters less than X. n suffiees then to show that 
eaeh one of these sets is 1-reetifiable. Fix j, k,i E N. Then the measure 
jp and the set Ej^ky satisfy the eonditions for Lemma 3.2 with tq = k~^, 
except that Ej^k,i is not necessarily compact. However, Ej^k,i is a closed 
set still satisfying these conditions, it is totally bounded since p is doubling, 
and since X is complete, the Heine-Borel theorem implies Ej^k/ is compact. 
Thus, we can apply Lemma 3.2 to get that Ej^k,e is rectifiable. Since E = 
Uj k e we now have that E is also rectifiable. □ 

The rest of the paper is devoted to proving Lemma 3.2, so fix p, E, 
and To as in the lemma. 


Proof of Lemma 3.2. We will require the notion of dyadic cubes on a metric 
space. This theorem was originally developed by David and Christ ([Dav], 
[Chr]), but the current formulation we take from Hytonen and Martikainen 
[HM]. 


6 


JONAS AZZAM AND MIHALIS MOURGOGLOU 


Theorem 3.3. Let X be a metric space equipped with a doubling measure 
p. Let Xn be a nested sequence of maximal p'^-nets for X where p < 
1/1000 and let Cq = 1/500. For each n E Z there is a collection 3)^ of 
“cubes,” which are Borel subsets of X such that 

(1) for every n, X = 

(2) if A, A' E 3 = U 3n and A n A' 7 ^ 0, then A C A' or A' C A, 

(3) for A E 3, let n(A) be the unique integer so that A E 3n and set 

l'(A) = Then there is (a G Xn so that 

5x(Ca,co£(A)) C a C Bx{CaJ{A)) 

and 

= {Ca : A G 3n}. 

It is not necessary for there to exist a doubling measure but just that 
the metric space is geometrically doubling. Moreover, Hytonen and Mar- 
tikainen use sequences of sets Xn slightly more general than maximal nets, 
see [HM] for details. 

Let Xn be a nested sequence of maximal p"^-nets for X where p < 
1/1000 and 3 the resulting cubes from Theorem 3.3. By picking our net 
points Xn appropriately, we may assume that E F A^ E 3. We recall a 
lemma [Azz] . 

Lemma 3.4. [Azz, Section 3] Let p be a Cf^-doubling measure and let 3 
the cubes from Theorem 3.3 for X = supp p with admissible constants cq 
and p. Let E <E Aq E 3 be a Borel set, M > 1, S > 0, and set 

= {A C Ao : A n E ^ 0, 3 e e 5 x(Ca, Mi{A)) 

such that dist(.^,i?) > 6i{A)}. 
Then there is Ci = Ci{M, 6, Cf) > 0 so that, for all A' C Aq, 

p{A) < Cip{A'). (3.2) 

ACA' 

Ae3« 


The theorem is stated in [Azz] in slightly more generality. For the reader’s 
convenience, we provide a shorter proof in the appendix. 

Let M, (5 > 0, to be decided later and let 0^ be the set from Lemma 3.4 
applied to our set E. Our goal now is to construct a metric space Y con¬ 
taining X, then a curve T C F that contains as a subset, and then show 
it has finite length. We will do this by adding bridges through Y between 
net points around cubes in since these are the cubes where E has large 
holes and thus potentially has big gaps or disconnections. We don’t need 
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the endpoints of these bridges to be in E, but their union plus the set E will 
be eonneeted. We now proeeed with the details. 

Let X = U X„ and equip C{X) © (where = Uaexxx 

see [Mun, p. 112-117] for the notation) with norm |a © 6| = max{|a|, |6|}, 
where the norm on is the £^-norm. 

For x,y G X let [x,y] denote the straight line segment between them 
in C{X) © e(^x,y) is the unit veetor eorresponding to the {x,y)- 

eoordinate in and define 

[x, y]* ■= [t, (t, It - y\e(^^y))] U [y, (y, |t - y\e(^x,y))\ 

U [(t, |t - i/|e(^,y)), {y, |x - y\ei^x,y))\ ^ C{X) © 

The set [x,y]* is two segments going straight up from x and y respeetively 
in the e(^x,y) direetion and a segment eonneeting the endpoints, thus giving a 
polygonal eurve eonneeting x toy that hops out of C(X). Let 

F = XU IJ [x,yY 

x,yGX 

and define a metrie on Y (also denoted by | ■ |) by setting 

N 

\x-y\ = inf ^ \xi - Xi+i\ 

i=l 

where xi = x, xn+i = y, and for eaeh i, {xi, Tj+i} C X or {xi, Tj+i} C 
[x', y']* for some x',y' G X. It is easy to eheek that the resulting metrie 
spaee Y is separable and X is a sub metrie spaee in Y. Moreover, the 
following lemma is immediate from the definition of Y. 

Lemma 3.5. Let E Y X be compact and x,y E X. Then 
dist{[x,y]*,E) = dist{{x,y}, E). 

We will let 

Ba := 

For A e ^n, let 

Ta = \J{[x, y]* c C{X) © : T, 7/ G Xn+no n MB a} 

where uq is an integer we will piek later. Note that Fa is eonneeted and 
eontains Ca- 
Now define 

r = EU IJ Fa. 
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Lemma 3.6. (F) < oo. 

Proof. We first claim that 

J^\E) < 10/i(E). (3.3) 

Indeed, let 0 < 5 < tq. Take any countable collection of balls centered on 
E of radii less than 5 that cover E. Since /j is doubling, we can use the Vitali 
covering theorem [Hei, Theorem 1.2], to find a countable subcollection of 
disjoint balls Bi with radii < 6 centred on E so that E C[J 5Bi. Then 

Jfs\E) < E lOr* < < 10/i({a: G X : dist(a:, i?) < 5}). 

Since n 5 >o't^ ^ ^ ■ dist(x, i?) < 6} = E, sending <5 —)■ 0 we obtain 
^^{E) < 10fi{E), which proves the claim. 

With this estimate in hand, we have 

je\T) < J^\E) + ? 10/j(E) + C E^(^) 

< 10fi{E) + C /j(^) < 10fi{E) + C'/i(Ao) < oo 
Ae.^ 

where C here stands for various constants that depend only on 5, M, jt-q, p, 
and the doubling constant □ 

Lemma 3.7. F is compact. 

Proof. To see this, let G F be any sequence. If G Fa infinitely many 
times for some A G or is in infinitely many times, then since each of 
these sets are compact, we can find a convergent subsequence with a limit 
in F. Otherwise, visits infinitely many Fa. Let Xn^ be a subsequence so 
that Xrij G Faj where each A^ G is distinct. Then ^{Xj) —)■ 0, and since 
A n 7 ^ 0 for all A G dist(a;„^., F^) —)■ 0. Pick x'.^. G F^ fl A^. Since 
E is compact, there is a subsequence x '^. converging to a point in E, and 
Xnj^ will have the same limit. We have thus shown that any sequence in F 
has a convergent subsequence, which implies F is compact. □ 

Lemma 3.8. A compact connected metric space X of finite length can be 
parametrised by a Lipschitz image of an interval in M, that is, X = /([0,1]) 
where / : [0,1] —)■ A is Lipschitz. 

A proof of this fact for Hilbert spaces is given in [Sch, Corollary 3.7], but 
the same proof works in our setting, so we omit it. Hence, to show that F 
(and hence E) is rectifiable, all that remains to show is that F is connected. 

Lemma 3.9. The set F is connected. 
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Proof. Suppose for the sake of a contradiction that there exist two open and 
disjoint sets A and B that cover F and set F^ = F fl A and F^ = F fl 5. 
Suppose without loss of generality that Faq ^ which we may do since 
F Ao is connected. We sort the proof into a series of steps. 

(a) Fs C 2i?Ao- To see this, suppose instead that there is G F b\‘2Bao. 

Then 2 ; e [x, y]* C Fa for some lA ^ . Moreover, dist( 2 :, {x, y}) < 

2\x — y\ < 4Mi{A) since x,y e MB a- Since Ca ^ A C Aq and 
X G MB A, we get 

f(Ao) < dist( 2 :, Baq) < \z — x\ + dist(a;, Baq) < 4Mf(A) + Mi{A) 

= 5Mi{A). 

For uq large enough so that 5Mp'^° < 1, this implies Ca ^ Xn+no Fl 
MBaq and so Fa H Faq 7 ^ 0- Hence, Fa C Fa since Fa is connected, 
contradicting that z eVb- This proves the claim. 

(b) The open sets A' = AU {ABa^Y and B' = B A 2Baq are disjoint and 
cover F. First, observe that 

A' AB' = {AABA 2Baq) U {{4:BaoY ABA 2BaY) 

<Z{AAB)A{{WZ,YA2BaY = ^- 

Moreover, by part (a), 

F n (A' U B') 3 Fa u (F^ n 2BaY = Fa U F^ = F 

which completes the proof of this step. 

(c) Set Fa' = F n A' and F^/ = F n 5'. These sets are disjoint by part (b) 
and hence they are compact since F was compact. We define new open 
sets 

A" = (4^)^U IJ i?y(e,dist(e,FB0/2) 

and 

B"= IJ fiy(e,dist(e,FA0/2). 

We claim these sets are disjoint. Suppose there is 2 : G A” fi B". 
Then G dist(.^, Fa')/ 2) for some ^ G F^/. If we also have 

2 : G By{Y, dist(.^', Fs')/2) for some Y ^ Tas then 

max{dist(^, Fb'), dist(^', Fa')} < |^ - < |^ - 2:| + k - ^| 

dist(^,FB0 dist(^^FA') 

2 2 ’ 


which is a contradiction, so we must have G (4i?Ao)‘^- Since ^ G 
Tb', we know ^ G 2Bao by part (a), and Cao ^ Taq ^ Ta' implies 
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dist(^,r^/) < 2£(Ao). Hence, 

Sy(,^, dist(,^, r^/)/2) C i?y(^,£(Ao)) C i?y ((ao 5 3£(Ao)) = 3i?Ao) 

which proves the claim. 

(d) Note that A\(A" U B") is nonempty since X is connected and A" and 
B" are disjoint open sets. Moreover, X\(A" U B") C 4i?Ao and hence 
a bounded set; since X is a doubling metric space, X\(A" U B") is 
in fact totally bounded and thus compact by the Heine-Borel theorem. 
This implies we can find a point 

z e X\(A"U5") C4^ 

of maximal distance from the compact set T. 

(e) Let ^ G E he the closest point to 2 ; and A the smallest cube containing 
^ so that 2 ; e 55 a; since 2 ; G 45ao C 55ao, this is well defined. 
We claim A G If Ai denotes the child of A that contains then 

^ 55ai, and so 

dist( 2 :, 5) = 1^ - 2 ;| > I 2 : - Cai | - |Cai - ^| > 5f(Ai) - f(Ai) 

= 4pi{A). (3.4) 

Thus, for M > 10, Bx{z,4:pi{A)) C MBx\E, so if 5 < 4p, then 
A G which proves the claim. 

(f) Since A G X„(A)+no is a maximal p"(^)+"^°-net, 

^n(A)+no ^ ^ 

and 2 ; G 55a, we can find 

C e x„(A)+no n Bx{z, (3.5) 
C X„(A)+no n 5x(Ca, 5£(A) + p"(^)+" 0 ) 
c X„(A)+„o n 5x(Ca, 6f(A)) C Ta (3.6) 

where the last containment follows if we assume M > 6. 

Since Ta is connected and A' and 5' are disjoint open sets, we may 
without loss of generality suppose T^/ D T a and let C' G T^' be the 
closest point to C- Then 

k-Cl > |C-C'l/2 = dist(C, 1^0/2 (3.7) 

since otherwise would imply 2 ; G By{C, dist(C, Ts')/2) ^ , contra¬ 

dicting that G X\(A" U 5"). 

We may assume C! G Ta' for some A' E ^ and we assume A' is 
the largest such cube for which this happens. Note that this implies 
Ta' C Tfi/ since G T^' n Ta' and Ta' is connected. By Lemma 3.5 
with E = {C}, we can assume G X, and so C' ^ A'„(A')+no Ll MB^'- 
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(g) We claim that n(A) + 1 < n(A') < n(A) + 2. Note that since 

5 ^n(A)+no < (3_g) 

we have 

(3.6) 

1C' - CaI < 1C' - Cl + 1C - CaI < 2|C - ^1 + 6 £(A) 

+ 6 £(A) 8 £(A). (3.9) 

Thus, for M > 8 , we must have n(A') > n(A); otherwise, since 
C G A C B/^, we would have 

C' ^ -^n(A')+no 8 -®A ^ -^n(A)+no ^ Ta 

SO that Fa n Ta' 7 ^ 0, which implies F^i/ n r^/ 7 ^ 0, a contradiction. 
Thus, ^(A') < ^(A), which proves the first inequality in the claim. 

Note this implies ^(A') < p£(A). Let C^ G A' fl (which exists 
since A' G ,^). Since C,' G MB/^i we have 

4pi{A) < dist(^, < IC'— 2 ;| 

< IC' — Ca'I + ICa' — C'l + 1C' “Cl + 1C “ 2:| 
e{A') + Mf(A') + 2|C - z| + IC - ^1 
(M + 1)£(A') + 

? (M + l)f(A') + pi{A) 

and so 

^((A) < ((A'). 

Thus, p < implies p‘^i{A) < i{A'), and so n(A') < n{A) + 2, 
which finishes the claim. 

(h) Now weTl show that Fa H Fa' 7 ^ 0. Observe that 

ICa - Ca'I < ICa - C'l + IC' - Ca'I ? 8 £(A) + Mf(A') 

< (8 + Mp)i{A) < Mi{A) (3.10) 

if p~^ > M > 9. Since n(A') < n(A) + 2, we have that Ca' G 
Xn{A)+no f^MBA for hq > 2 and so Ca' G Fa. But Ca' G 3f„(A')+no Fl 
MB A' C Fa', thus Fa n Fa' 7 ^ 0 , which proves the claim. 

This gives us a grand contradiction since Fa C F^/ and Fa' C F^/, 
and we assumed these sets to be disjoint. 

□ 
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Combining Lemmas 3.6, 3.7, 3.8, and 3.9, we have now shown that E 
is contained in the Lipschitz image of an interval in M. This completes the 
proof of Lemma 3.2. □ 


4. Appendix: Proof of Lemma 3.4 

For A e define B/\ = i?x(CA, ^(A)). For A e let .^a G MB^ be 
such that dist((^, E) > 6i{A). Let ^ be the collection of maximal cubes 
for which 2i?A ^ and A G ^ be the largest cube containing ,^a- Then 
if A^ denotes the parent cube of A, 2B^i fl 7 ^ 0, and so 

5f(A) < dist(^A,-E') < diam2i?xi < 4f(A^) = -f(A) (4.1) 

P 

Moreover, 

i{A) < —i{A) (4.2) 

Co 

for otherwise A D CqB^ 3 MB/^ 3 A and since A fl 7 ^ 0, this means 
2B^ n 7 ^ 0, contradicting our definition of A. 

Let 27 a be such that 

2^^co£(A) > 2 M^{A) > 2^^-^cof(A). (4.3) 


Then 2^^coB^ 3 MB^, and 2^^ < , so that 


Aa < log2 


/4Mf(A)\ 

V co£(A) ) ■ 


(4.4) 


Thus 


/j(A) ^ pjcgB^) (1^1) ij.{2^^coB^) («) ij,{MBa) 
/j(A) - /i(A) - Cl^^^i{A) - C^^^i{A) 


(4-4) 1 AO. 

> (J 


l{A)j 


(4-1) log, -£0. 
> (J 



(4.5) 


Since /x is doubling and A and A' are always of comparable sizes by 
(4.1) and (4.2), there is b depending on M, 5, p, cq and such that at most 
b many cubes A G ^ with A = A' for some fixed A'. Hence, for A' C Aq 
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with A n 7 ^ 0, 


(4.5) 


/i(A) < Y = Y - Y1 


ACA' 

Ae^ 


ACA' 

Ae3« 


A'e^ ACA' 
ACMSa„ Ae3« 




A=A' 


ACMB^g 


( 1 . 1 ) 


log, —+1 

< abi^{MBAo\E) < abi^iMB^,) < abC^, /^(co^Ao) 

logo —+ 1 

< abC^, /i(Ao) 


This finishes the proof of Lemma 3.4. 
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